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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand
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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients
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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients

Three common settings

▪ Continuos

▪ On Networks

▪ Discrete
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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients

Three common settings

▪ Continuos

▪ On Networks

▪ Discrete

Various relevant objectives

▪ 𝑝-median (min sum of all costs)
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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients

Three common settings

▪ Continuos

▪ On Networks

▪ Discrete

Various relevant objectives

▪ 𝑝-median (min sum of all costs)

▪ 𝑝-center (min max cost)
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Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients

Three common settings

▪ Continuos

▪ On Networks

▪ Discrete

Various relevant objectives

▪ 𝑝-median (min sum of all costs)

▪ 𝑝-center (min max cost)

▪ 𝛼-cent-dian (convex combination of median and center)
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𝑘 = 3

Motivation: Location Theory

Basic facility location problem

▪ Given 𝑛 clients, each with a certain demand

▪ Find the „best“ locations to open 𝑝 new facilities

in order to satisfy the demand of all clients

Three common settings

▪ Continuos

▪ On Networks

▪ Discrete

Various relevant objectives

▪ 𝑝-median (min sum of all costs)

▪ 𝑝-center (min max cost)

▪ 𝛼-cent-dian (convex combination of median and center)

▪ 𝑘-centrum (min 𝑘 largest costs)
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Definitions

Definition (ordered median function 𝑶𝑴𝒇) 

For a vector 𝑥 ∈ ℝ𝑛, let 𝑥𝑜𝑟𝑑 = (𝑥 1 , 𝑥 2 , … , 𝑥(𝑛)) denote the ordered version of 𝑥 with 𝑥(1) ≤ 𝑥(2) ≤ ⋯ ≤ 𝑥(𝑛).

Let 𝜆 ∈ ℝ𝑛 be an objective vector. The following function is defined to be an 𝑂𝑀𝑓.

𝑓𝜆: ℝ
𝑛 → ℝ, 𝑓𝜆 𝑥 = ,𝜆ۦ ۧ𝑥𝑜𝑟𝑑 = 𝜆1𝑥(1) + 𝜆2𝑥(2) +⋯+ 𝜆𝑛𝑥(𝑛)
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Let 𝜆 ∈ ℝ𝑛 be an objective vector. The following function is defined to be an 𝑂𝑀𝑓.

𝑓𝜆: ℝ
𝑛 → ℝ, 𝑓𝜆 𝑥 = ,𝜆ۦ ۧ𝑥𝑜𝑟𝑑 = 𝜆1𝑥(1) + 𝜆2𝑥(2) +⋯+ 𝜆𝑛𝑥(𝑛)

Definition (ordered median problem)

Let 𝐹 ⊆ ℝ𝑛 be defined by finitely many polynomial inequalites and let 𝑓𝜆 be an ordered median function. 

The following problem is defined to be an ordered median problem.

min
𝑥∈𝐹

𝑓𝜆(𝑥)
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Definition (ordered median problem)

Let 𝐹 ⊆ ℝ𝑛 be defined by finitely many polynomial inequalites and let 𝑓𝜆 be an ordered median function. 

The following problem is defined to be an ordered median problem.

min
𝑥∈𝐹

𝑓𝜆(𝑥)

Examples
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▪ 𝜆 = 1, 1,… , 1 → 𝑝-median ▪ 𝜆 = 𝛼,… , 𝛼, 1 → 𝛼-cent-dian

▪ 𝜆 = 0,… , 0, 1 → 𝑝-center ▪ 𝜆 = 0,… , 0, 1, … , 1 → 𝑘-centrum

𝑘 times
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Basic Properties of 𝑶𝑴𝒇s 

Let 𝑓𝜆, 𝑓𝜇: ℝ
𝑛 → ℝ both be an 𝑂𝑀𝑓. Then:

▪ 𝑓𝜆 is non-linear

▪ 𝑓𝜆 is piecewise linear (in part., linear on 𝐾𝜋 ≔ {𝑥 ∈ ℝ𝑛 | 𝑥𝜋 1 ≤ ⋯ ≤ 𝑥𝜋 𝑛 } for every permutation 𝜋 ∈ 𝑆𝑛)

▪ 𝑓𝜆 is continuous on ℝ𝑛

▪ 𝑓𝜆 is symmetric in the sense that for any 𝑥 ∈ ℝ𝑛: 𝑓𝜆 𝑥 = 𝑓𝜆 𝑥𝑜𝑟𝑑

▪ 𝑓𝜆 is convex ⇔ 𝜆1 ≤ ⋯ ≤ 𝜆𝑛

▪ for 𝑐1, 𝑐2 ∈ ℝ, the function 𝑐1𝑓𝜆 + 𝑐2𝑓𝜇 is an 𝑂𝑀𝑓

▪ if 𝑓𝜆𝑟 𝑟 is a sequence of 𝑂𝑀𝑓s that pointwise converges to a function 𝑓, then 𝑓 is an 𝑂𝑀𝑓

▪ 𝑓𝜆 is a DCH function (difference of two convex positively homogeneous functions)
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